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Abstract

A meshless method to solve elastostatics problems based on an equi-
librium model is presented. This means that the equilibrium and con-
stitutive equations are satisfied a priori and that the approximation only
concerns the compatibility equations. The application of this method to-
gether with the classical displacement meshless method leads to upper
and lower bounds on the energy. The difference between these bounds
gives a global error estimation on the solution.
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1 Introduction

Dual analysis for the resolution of solid mechanics problems consists in using
two conjugate models. One is the displacement model, satisfying compatibility
and violating equilibrium, and the other is the equilibrium (or stress based)
model, satisfying equilibrium and violating compatibility. The purpose of the
dual analysis is to obtain upper and lower bounds on characteristic values, such
as the energy or a load factor. An error estimation on the approximate solution
is obtained by comparing the bounds yielded by both models. This estimation is
essential to ensure the reliability of the computation. The dual analysis was first
introduced by Fraeijs de Veubeke [1, 2] in the framework of the finite element
method. The analysis in this paper is based on the more recent and more general
formulation of Debongnie, Zhong and Beckers [3].

The purpose of this paper is to realize a dual analysis with two meshless
methods. The displacement meshless method is now well-known and has been
widely used during the last decade, see for example Belytschko, Lu and Gu [4].
The equilibrium meshless method is developed in this paper for the first time.
The difficult point in this new approach is to satisfy the equilibrium at each
point in the domain. To that end, the stresses are expressed by means of an Airy
stress function. It is worth mentioning a few papers dealing with equilibrium
finite element methods based on an Airy stress function: Fraeijs de Veubeke and
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Zienkiewicz [5], Gallagher and Dhalla [6], Vallabhan and Azene [7] and Sarigul
and Gallagher [8].

The outline of this paper goes as follows. In section 2, the main results of the
dual analysis for upper and lower bounds on the total complementary energy
in elasticity are presented. In section 3, we recall the displacement meshless
method and we develop the equilibrium meshless method. Two numerical ex-
amples illustrate the proposed dual analysis in section 4. Finally, in section 5,
we discuss the advantages and drawbacks of the equilibrium model over the
displacement model, draw some conclusions and open some perspectives.

2 Dual analysis

In this section, we present the global error estimation method in elastostatics by
dual analysis; we refer to [3] for the proofs and details. Let us consider a linear
elastic solid that occupies a domain Ω bounded by Γ subject to the body force b
in Ω, to the surface tractions t on Γt and with prescribed displacements u on Γu

(with Γt

⋂
Γu = ∅ and Γt

⋃
Γu = Γ). The relations between the displacement

field u, the strain field ε and the stress field σ are

1. the compatibility relations

ε = ∇suT in Ω (1)

u = u on Γu (2)

where ∇suT is the symmetric part of ∇uT,

2. the constitutive relations

σ = D : ε in Ω (3)

where D is the Hooke tensor and

3. the equilibrium equations

∇Tσ + b = 0 in Ω (4)

σn = t on Γt (5)

where n is the outer normal.

The total energy is defined as

ET (u) = EU (u) + EP (u) (6)

where
EU (u) =

1
2

∫
Ω

ε (u) : D : ε (u) dΩ (7)
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is the strain energy and

EP (u) = −
∫

Ω

b
T · u dΩ−

∫
Γt

tT · u dΓ (8)

is the potential energy of the prescribed loads. The total complementary energy
is defined as

EC (σ) = EV (σ) + EQ (σ) (9)

where
EV (σ) =

1
2

∫
Ω

σ : D−1 : σ dΩ (10)

is the complementary strain energy and

EQ (σ) = −
∫

Γu

uTσn dΓ (11)

is the potential energy of the prescribed displacements. It can easily be shown
that the exact solution of equations (1) to (5) verifies the following property:

−ET (uexact) = EC (σexact) (12)

We use the notation Eexact for the exact total complementary energy EC (σexact)
in the following. To approximate the exact solution, one can either use a dis-
placement model, which is the common choice, or an equilibrium model.

Displacement model An admissible displacement field, also called a kine-
matically admissible field, a priori satisfies the compatibility equations (1) and (2)
and the constitutive equations (3). It can be shown that, among all admissible
displacement fields, the exact field minimizes the total energy. In other words,
for each uh kinematically admissible, the following inequality holds:

ET (uh) ≥ ET (uexact) (13)

Equilibrium model An admissible stress field, also called a statically admis-
sible field, a priori satisfies the constitutive equations (3) and the equilibrium
equations (4) and (5). It can be shown that, among all admissible stress fields,
the exact field minimizes the total complementary energy. In other words, for
each σh statically admissible, the following inequality holds:

EC (σh) ≥ EC (σexact) (14)

Fundamental result Equations (12), (13) and (14) lead to the following lower
and upper bounds on the exact total complementary energy:

−ET (uh) ≤ Eexact ≤ EC (σh) (15)

So, the half-sum of the total energy of a kinematically admissible field and of the
total complementary energy of a statically admissible field gives an estimation
of the global error yielded by both of these approximations. In this paper,
both approximations are obtained by Rayleigh-Ritz processes, based on meshless
shape functions.
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3 Meshless method

Consider a set of N nodes scattered in a domain Ω and let xi be the coordi-
nates of node i. The moving least squares approximation fh (x) of a (multi-
dimensional) field f (x) in Ω is (see [4] for details):

fh (x) =
N∑

i=1

φi (x) fi (16)

where fi is the value of the field f at xi and φi is the shape function of node i,
given by

φi (x) = cT (x)p (xi)wi (x) (17)

where p(x) is a set of basis functions (usually the set of monomials up to a given
order), wi (x) is a weight function associated with node i and

c (x) = A−1 (x)p (x) (18)

with

A (x) =
N∑

i=1

wi (x)p (xi)pT (xi) (19)

A small domain Ωi containing xi is associated with node i such that wi (x)
and, as a result, φi (x) equal zero outside Ωi. This choice is made in order
to provide the approximation with a local character and to restrict the sums
in equations (16) and (19) to a few terms. In this work, we use the isotropic
quartic spline function:

wi (x) =
{

1− 6s2 + 8s3 − 3s4 if s ≤ 1
0 if s > 1 with s =

‖x− xi‖
ri

(20)

where ri is the support radius of node i.
We will need the expression of the first- and second-order partial derivatives

of this shape function with respect to the coordinate xk for k = 1, . . . , ndim

(ndim is the number of dimensions). They are given by:

φi,k (x) = cT
,k (x)p (xi)wi (x) + cT (x)p (xi)wi,k (x) (21)

φi,kl (x) = cT
,kl (x)p (xi)wi (x) + cT

,k (x)p (xi)wi,l (x)

+ cT
,l (x)p (xi)wi,k (x) + cT (x)p (xi)wi,kl (x) (22)

with
c,k (x) = A−1 (x) [p,k (x)−A,k (x) c (x)] (23)

c,kl (x) = A−1 (x) [p,kl (x)−A,k (x) c,l (x)−A,l (x) c,k (x)−A,kl (x) c (x)]
(24)
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and

A,k (x) =
N∑

i=1

wi,k (x)p (xi)pT (xi) (25)

A,kl (x) =
N∑

i=1

wi,kl (x)p (xi)pT (xi) (26)

Meshless displacement model For the sake of completeness, we recall the
well-known displacement model. The displacement field u (x) is approximated
in the moving least-squares sense by uh (x) given by

uh (x) =
N∑

i=1

φi (x)ui (27)

where the φi (x) are the meshless shape functions (17) and the degrees of free-
dom ui are arranged in a vector q that is determined by minimizing the total
energy (6). This leads to a linear system

Kq = g (28)

with K, the stiffness matrix, consisting in submatrices Kij of size ndim × ndim

and g consisting in subvectors gi of size ndim given by

Kij =
∫

Ω

BT
i DBj dΩ (29)

gi =
∫

Γt

φit dΓ +
∫

Ω

φib dΓ (30)

For two-dimensional problems, we have

Bi =

 φi,x 0
0 φi,y

φi,y φi,x

 (31)

and

D =
E

1− ν2

 1 ν 0
ν 1 0
0 0 1−ν

2

 (32)

for an isotropic solid in plane stress where E and ν are respectively the Young
modulus and Poisson ratio. We use a linear basis (p (x) = [1x y]T in 2D) to
be able to exactly represent a constant stress field. We also choose the support
radius of the shape functions to be equal to 1.4h, where h is the characteristic
nodal spacing. The essential boundary conditions (2) are enforced with the help
of Lagrangian multipliers in the same manner as in [4]: At several points on Γu,
a degree of freedom is added to the linear system to relax the constraint

N∑
i=1

φi (x)ui = u (33)
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Meshless equilibrium model This model is restricted to problems with a
body force deriving from a potential:

b = −∇V (34)

The difficulty in the equilibrium model is to satisfy equation (4) in the whole
domain. To that end, we decide to express the stress field as

σ =
(
4ψ + V

)
I−∇∇Tψ (35)

where 4 is the Laplacian ∇T · ∇ and I is the identity matrix. ψ is called the
Airy stress function, see for example [9]. For two-dimensional problems, this
expression becomes  σx

σy

τxy

 =

 ψ,yy + V
ψ,xx + V
−ψ,xy

 (36)

The Airy stress function ψ (x) is approximated in the moving least-squares sense
by ψh (x) given by

ψh (x) =
N∑

i=1

φi (x)ψi (37)

where the φi (x) are the meshless shape functions (17). Since we chose an
isotropic quartic spline function, which possesses continuous second order deriva-
tives, as the weight functions, ψh (x) also possesses continuous second order
derivatives and σh (x) is continuous. The degrees of freedom ψi are arranged in
a vector a that is determined by minimizing the total complementary energy (9).
This leads to a linear system

Fa = d (38)

where the elements of the flexibility matrix F and of the vector d are given by

Fij =
∫

Ω

CT
i D−1Cj dΩ (39)

di =
∫

Γu

CT
i Nu dΓ−

∫
Ω

V δTD−1Ci dΩ (40)

For two-dimensional problems, we have

Ci =

 φi,yy

φi,xx

−φi,xy

 (41)

N =

 nx 0
0 ny

ny nx

 (42)

δ =

 1
1
0

 (43)

6



We use a quadratic basis (p (x) =
[
1x y x2 y2 xy

]T in 2D) to be able to exactly
represent a constant stress field. We choose the support radius of the shape
functions to be equal to 2.8h. The essential boundary conditions (5) are enforced
with the help of Lagrangian multipliers: At several points on Γt, a degree of
freedom is added to the linear system to relax the constraint[(

N∑
i=1

4φi (x) ψi + V

)
I−

N∑
i=1

∇∇Tφi (x) ψi

]
.n = t (44)

We choose the number of points where the boundary conditions are enforced
to be equal to the number of nodes on Γt. This technique using Lagrangian
multipliers is similar in principle to what is done in the displacement model,
but it is more complicated because it uses the second derivatives of the shape
functions. A drawback of the equilibrium model is that it needs more Lagrangian
multipliers since, in practical problems such as the beam problem 4.1, Γt is
longer than Γu.

4 Numerical examples

4.1 Clamped beam

We solve the problem of a clamped beam submitted to a parabolic shear force,
as can be seen in figure (1), by displacement and equilibrium models. The
numerical values are E = 3.107, ν = 0.3 and the total force P = 250. There
is no body force and plane stress conditions are assumed. The nodes of the
meshless approximation are regularly spaced; the coarsest set of nodes is shown
on figure 1. The results for various nodal spacings can be found in table 1
and figure 2. As predicted by the theory, the values −ET (uh) and EC (σh)
converge towards each other; −ET (uh) converges with increasing values and
EC (σh) converges with decreasing values. Moreover, these results are in close
agreement with the result 0.0393955 of Zhong [10] obtained by a Richardson’s
extrapolation method based on finite element results. The difference between
the energies for the finest set of nodes is about 0.2%.

4.2 Cracked plate

We solve the problem of the plate in stretching with an edge crack using twofold
symmetry. The domain is a square with the exact mode I asymptotic displace-
ment field enforced on three sides and no traction on the fourth side, which
contains the crack, as can be seen in figure 3. This figure also shows the coars-
est set of nodes. The numerical values are E = 1, ν = 0.3 and the mode I stress
intensity factor KI = 1. There is no body force and plane stress conditions are
assumed. The exact total complementary energy equals −0.417400. The results
for various sets of regularly spaced nodes can be found in table 2 and figure 4;
they are in good agreement with the exact value. As in the previous example,
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Figure 1: Clamped beam submitted to a parabolic shear force (17× 9 nodes)

Number of nodes Nodal spacing Displacement model −ET Stress model EC

17× 9 = 153 0.5 0.0391579 0.0405188
33× 17 = 561 0.25 0.0393393 0.0396398
49× 25 = 1225 0.166667 0.0393768 0.0395232
65× 33 = 2145 0.125 0.0393911 0.0394816

Table 1: Results of the beam problem

2 3 4 5 6 7 8

0.0392

0.0394

0.0396

0.0398

0.04

0.0402

0.0404

E
C

−E
T

E
exact

1/h

E
ne

rg
y

Figure 2: Convergence curves for the beam problem
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the convergence of the energies towards the exact value follows the theory. The
difference between the energies for the finest set of nodes is about 2%. For a
given number of nodes, the displacement model gives an energy closer to the
exact result.

5 Discussion and conclusions

In this paper, we presented a new meshless method to solve elastostatics prob-
lems based on a equilibrium model. The equilibrium equations and the consti-
tutive equations are satisfied a priori and the approximation is realized on the
compatibility equations. To satisfy the equilibrium equations at each point of
the domain, we derive the stresses from an Airy stress function. This function
is approximated by a linear combination of meshless shape functions. We note
that the smoothness of the meshless shape functions is an essential property
that permits to conceive this method. The drawback of this method when com-
paring with the traditional displacement model is that it requires the second
order derivatives of the meshless shape functions, and mainly that a quadratic
basis must be used. However, an advantage is that there is only one degree of
freedom associated with each node while in the traditional method, the number
of degrees of freedom for each node is equal to the number of space dimensions.
The numerical tests show that, for a given number of nodes, the traditional
method gives better results than the new method. Nevertheless, our aim was
not to replace the displacement model with the equilibrium model but rather
to obtain a global error estimator based upon the combination of both models.
In this respect, the numerical examples show that the new method fulfills our
objectives.

The method was illustrated in two-dimensional linear elasticity but it can
be extended. Firstly, the method can be applied in nonlinear elasticity since
it can be shown that the fundamental result (15) is also verified. Secondly,
the method can be applied in three dimensions, where the reduction of the
number of degrees of freedom between the new and the traditional methods is
3 instead of 2. The method in three dimensions is similar to what was done in
this paper: Equation (35) is indeed still valid to obtain an equilibrated three-
dimensional stress field and equation (37) is also an appropriate expression for
the meshless approximation of the stress function. The next step will be to
use the dual analysis on problems where the meshless method proved to be
particularly efficient, such as fracture mechanics problems. Finally, we expect
that the dual analysis will be a mean to control the refinement of the set of
nodes to obtain a solution under a prescribed accuracy.
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Figure 3: Cracked plate with prescribed displacement on three sides (21 × 21
nodes)

Number of nodes Nodal spacing Displacement model −ET Stress model EC

21× 21 = 441 0.1 −0.426003 −0.394501
41× 41 = 1681 0.05 −0.421725 −0.405843
61× 61 = 3721 0.0333333 −0.420288 −0.409678
81× 81 = 6561 0.025 −0.419569 −0.411418

Table 2: Results of the crack problem
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Figure 4: Convergence curves for the crack problem
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